We present the linear theory of the starting current of Cherenkov-cyclotron and Cherenkov instabilities generated by an electron beam passing through a metamaterial-loaded waveguide. Effective medium theory is used to represent the metamaterial structure properties. The theory predicts that the instabilities compete, with the Cherenkov-cyclotron mode dominating at lower magnetic field and the Cherenkov instability at higher magnetic field. The theoretical results are compared to results from recent experiments at MIT using a 490 kV, 84 A electron beam in magnetic fields of 300 G to 1500 G. For an effective medium model fitted to the MIT experimental parameters, theory predicts that the Cherenkov-cyclotron mode will dominate below 780 G and the Cherenkov mode above 780 G, in good agreement with experimental observations of switching between these modes at 750 G. The analytical theory allows a better understanding of the mode competition and the dependence of the instabilities on key parameters such as voltage, current and magnetic field.
I. INTRODUCTION
Metamaterials (MTMs) have been intensively studied 1 because of their unique electromagnetic properties, such as providing a negative refractive index. MTMs are often implemented as periodic structures with the unit cell size much smaller than the wavelength. A charged particle beam, such as an electron bunch, traversing a MTM with a negative refractive index radiates a reversed Cherenkov radiation, which can be useful in particle accelerators and high power microwave applications [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . In the reversed Cherenkov radiation, the radiated energy goes backwards with respect to the beam, while the normal Cherenkov radiation happens in the forward direction. We previously analyzed the properties of MTM structures using numerical methods [4] [5] [6] , with the CST Particle Studio code 12 , in good agreement with the experimental results. Numerical analysis with codes, although successful in giving good insights into the beam/wave interaction physics, does not allow a full or deep understanding of the problem. The purpose of this paper is to develop an analytical theory of the instabilities generated by an electron beam in a MTM-loaded waveguide using effective medium theory. Such a theory allows a clearer picture of the dependence of the instabilities generated on key parameters, such as electron beam voltage, current and magnetic field.
Metallic MTMs have been proposed as interaction circuits of vacuum microwave sources using electron beams 13, 14 . This is a promising approach for vacuum electron devices since the subwavelength dimensions of MTMs can lead to compact microwave sources smaller than conventional devices such as coupled-cavity traveling-wave tubes or klystrons 15 . Different interaction circuits formed as MTMloaded waveguides have been designed and tested at low microwave power levels 10, 16, 17 . High power experiments of MTM sources with relativistic electron beams have been reported 5, 6, 18 .
At MIT, we have designed 4 and experimentally demonstrated 5, 6 a high power microwave source using a 490 kV, 84 A, 1 µs electron beam interacting with a MTM-loaded waveguide. The drawing of the structure is shown in Fig. 1 , and the waveguide length is 370 mm. Complementary split-ring resonators (CSRRs) 19 , as the C-shapes, were machined on the two copper MTM plates oriented longitudinally 14, 20 . The electron beam travels in the z direction on the central axis (x = y = 0), and a longitudinal solenoidal magnetic field is used to transport the electron beam.
Two types of beam-wave interaction were observed in the MIT experiment, the Cherenkov resonance at ω = hv z with a symmetric eigenmode of the waveguide, and the Cherenkov-cyclotron resonance at ω = hv z − Ω c /γ with an antisymmetric eigenmode, where ω is the mode angular frequency, h is the axial wavenumber, v z is the axial beam velocity, Ω c = eB 0 /m is the cyclotron frequency, e and m are the electron charge and mass, B 0 is the axial magnetic field, and γ is the Lorentz factor. between the two types of interaction. The 'symmetric' (or the 'antisymmetric' mode) means that the longitudinal field E z is symmetric (or antisymmetric) in the y direction in a cosine (or sine) distribution. The symmetric mode has a longitudinal field E z on the axis, with the electric field parallel with the MTM plates; therefore, with the symmetric mode, the electron beam is bunched longitudinally and shows the Cherenkov instability, as in Fig. 2 (a) . The antisymmetric mode has a transverse field E y on the axis, with the electric field perpendicular to the MTM plates; therefore, with the antisymmetric mode, the electron beam starts a spiraling motion and shows the Cherenkov-cyclotron instability, as in Fig. 2 (b) .
Megawatt level microwave pulses at 2.4 GHz were generated in the antisymmetric mode in the Cherenkovcyclotron type of interaction at a low magnetic field. Analysis showed that the antisymmetric mode was excited at low magnetic fields whereas the symmetric mode was excited at higher magnetic fields. The Cherenkov-cyclotron mode was verified experimentally by the frequency tuning measurement with the magnetic field.
An important goal of this paper is to gain insight into the mode competition between the Cherenkov mode and the Cherenkov-cyclotron mode by a simple analytical model. The analytical model requires approximation of the actual MTMloaded waveguide; otherwise it would not be possible to understand the physics of the observed phenomena.
The theory was inspired by a specific MTM structure, as shown in Fig. 1 . However, the model itself is a generic model and could be adapted to treat a wide range of MTM structures and their interaction with an on-axis electron beam. The model is also a useful addition to the CST simulations for designing MTM-based microwave sources.
Let us review the previous theory work on the Cherenkovcyclotron instability in conventional media. The cyclotron instability is used in the gyrotron type vacuum electron devices 21 . The operating modes of these devices are the transverse electric (TE) modes of a cylindrical cavity or waveguide. In a gyro-type traveling wave tube, the beamwave interaction occurs at the normal Doppler synchronism with ω − hv z = Ω c /γ. The anomalous Doppler synchronism (Cherenkov-cyclotron synchronism discussed in this paper) with ω − hv z = −Ω c /γ is possible as well, and it has the interesting feature that the cyclotron instability starts without an initial transverse beam velocity 21, 22 . Therefore, no transverse kicker is required for the anomalous Doppler instability to happen in a microwave device.
The nonlinear theory of microwave oscillators based on the anomalous Doppler synchronism has been developed for simple interaction circuits like a dielectric waveguide [22] [23] [24] .
The effective medium model of the MTM waveguide is developed in Section II. The beam-wave interaction at the Cherenkov-cyclotron synchronism has to be analyzed specifically, since the MTM mode is a transverse magnetic (TM) mode with a negative refractive index, and these features are different from those in a dielectric waveguide. In this paper, we use the method of Ref. 25 , where the competition between the Cherenkov mode and Cherenkovcyclotron mode in a backward wave oscillator (BWO) was analyzed, to formulate the equations of electron motion and the equation for the negative refractive index mode. We restrict ourselves to the linear analysis, which is valid for the starting operation conditions of microwave devices. In Section III, we solve the system of linear equations with boundary conditions and calculate the starting current for the Cherenkov-cyclotron instability. An abbreviated derivation of the Cherenkov instability is presented in Section IV. The theoretical results for the two instabilities are compared with experiment in Section V. Section VI presents a discussion and conclusions.
II. MTM-LOADED WAVEGUIDE MODE
The analytical model is shown in Fig. 3 . We substitute the MTM structure in Fig. 1 with a planar waveguide filled with a uniform effective medium, whose electromagnetic properties are selected to be a good approximation to the properties of the structure of We introduce a relative permittivity tensorε(ω) to model the electric and magnetic fields, as
where ε 0 and µ 0 are the permittivity and permeability of vacuum. The time dependence of e −iωt is assumed. The tensor model forε(ω) is diagonal with the components of
where ω 0 and F(0 < F < 1) are the two fitting parameters decided from the simulated dispersion relation of the actual MTM structure. The form of ε yy is based on the derivation in Ref. 19 . In brief, the electric dipole from a single CSRR is
ext , where β 0 is a geometry-related constant. When the CSRRs have a surface density of N, the dielectric polarization density is = N /2. From the relations = ε 0 ε and = ε 0 + , we have the form for ε as given in Eq. (2). F = Nβ 0 /2 is also related to the geometry. The permittivity ε yy in Eq. (2) is negative in the region ω 0 < ω < ω 0 / √ 1 − F, and it tends to −∞ near the resonance frequency ω 0 .
The mode we analyze in this section is the antisymmetric TM mode. We assume a uniform field distribution along the x direction, since the electron beam travels on axis (x = 0), and near the axis, a uniform field in the x direction is a good approximation to the fields found in the actual structure of Fig. 1 . In this case, the only nonzero field terms are E y , E z and H x , as follows:
The superscript (a) stands for the antisymmetric mode. The dispersion relation can be calculated from Eq. (3), as
where K = ω cr /ω, and ω cr is the cut-off (critical) angular frequency of the TM mode for an empty waveguide without filling given by ω cr = 2πc/b, where c is the speed of light.
In the frequency range where ε yy < 0, the wave frequency of a propagating mode has to be below the cut-off frequency of the empty waveguide. So there is a requirement on the parameters as
The wave propagation below the cut-off frequency with ω < ω cr is made possible by the MTM design. The effective medium model employed in this paper uses the permittivity tensor approach to describe the TM mode in a bounded waveguide 19 . The resulting dispersion relation, Eq. (4), has a similar form to the dispersion relation obtained for a TEM mode (with E z = 0) in a boundless medium having a negative scalar permittivity and a negative scalar permeability 26 . In the model used in this paper, propagation of the TM mode is allowed when ε yy and (1 − K 2 ) are both negative in Eq. (4). The quantity (1 − K 2 ) thus acts as an effective permeability in this theoretical formulation.
The MTM-loaded waveguide has more electromagnetic properties. The phase velocity v p = ω/h is assumed to be positive (directed in the +z direction) for the mode presented by Eq. (3). However, the group velocity v g = ∂ ω/∂ h determined from the dispersion equation Eq. (4) is negative, directed in the -z direction. The Poynting flux P is negative as well. It represents an energy flow in the -z direction. For completeness, these properties are derived in Appendix A.
III. BEAM INTERACTION WITH ANTISYMMETRIC MODE: CHERENKOV-CYCLOTRON INSTABILITY
We send in a continuous electron beam at the velocity = v zẑ under a DC magnetic field B 0 in the z direction to study its interaction with the MTM medium. The full terms of the field component of the antisymmetric mode can be expanded from the eigenmode field terms as
where C(z) is the complex amplitude. The electron beam with a momentum = γm gyrates in the magnetic field, as described by the particle motion equation
In the cylindrical coordinate system,
The Larmor radius is
where h c = eB 0 /p z . We then transform the equation of motion to the guiding center coordinates (X,Y ), where
The guiding centers can be uniformly distributed along X from the uniform field distribution in the x direction. Here we assume that the Larmor radius is small, ω cr a c /c ≪ 1, so the theory only applies to finite B 0 , otherwise a c is not defined at zero magnetic field. Then we rewrite Eq. (7) by keeping only the terms with exp(ihz−iωt −iφ ) corresponding to the Cherenkov-cyclotron (or the anomalous Doppler) synchronism condition of ω = hv z − Ω c /γ. The transformed equations of motion in the guiding center coordinates are:
where χ = ωt − hz + φ , and β z = v z /c. Then the beam energy growth rate can be calculated from Eqs. (11, 13) using the relation
Combining Eqs. (11, 14) , we have
The Cherenkov-cyclotron instability happens when the beam starts gyrating from a zero initial transverse velocity, and gains perpendicular momentum as the beam loses energy from the beam-wave interaction. So the condition for the Cherenkov-cyclotron instability is
which gives
The condition only holds when the external DC magnetic field is low enough, such that
Therefore, an important feature of the Cherenkov-cyclotron instability is that it is easier to initiate at a low magnetic field. We shall see later that this feature was verified in the experiment.
Next we calculate the starting current for the Cherenkovcyclotron instability. The waveguide excitation equation by a current density is 21
where C is again the complex field amplitude, and P (a) < 0 is the Poynting vector for the antisymmetric mode of Eq. (3). The integration is done over the beam cross section with a total area of S b . The current density of an electron beam with a number density of n b can be represented as
where the gyrating electron beam trajectory is included as the argument of the delta-function. Using Eqs. (10, 20) in Eq. (19) under the assumption of a small gyro-radius a c and keeping gyro-radius terms to the first order, we have
where I b = en b v z S b is the beam current. Now we introduce the normalized parameters,
where k = ω/c. Note that the normalized current I is positive since P (a) < 0 in the MTM medium. Using the normalized parameters, we have
where
Then the integral of Eqs. (23, 24) gives
Equations (17, 27) are the instability conditions: the electron beam loses energy γ(z) < γ(0), gains transverse momentum p ⊥ , and the field amplitude is the highest at the entrance |A(0)| > |A(z)| because of the backward wave. We now introduce the linear current represented as
then from Eqs. (25, 26), we have
where δ c = 1
The condition of δ c = 0 corresponds to the Cherenkovcyclotron synchronism ω = hv z − Ω c /γ. Now Eq. (21) can be rewritten as
Here we assume that
then we can solve for Γ from Eqs. (29) and (31), and the result is
and β z0 · c is the initial electron velocity.
Representing the field as a superposition
with arbitrary constants A 1,2 , we solve for q from the boundary conditions
These boundary conditions are typical for backward-wave interaction: no transverse velocity of the beam at the entrance Z = 0; the zero field derivative at the entrance means no initial modulation on the beam; the field is zero at the end of the structure Z = Z 0 , therefore it is matched. Substituting A in the boundary conditions with Eq. (35), we have
The solution is possible at the cyclotron synchronism condition of δ c = 0, under the condition of
where n is an integer. Then combining the equations for q as Eqs. (34, 38), we have the minimum starting current I st when n = 0 as
(39) A numerical calculation will be presented in Section V.
IV. BEAM INTERACTION WITH SYMMETRIC MODE: CHERENKOV INSTABILITY
An important question concerns the competition between the Cherenkov-cyclotron regime operating in the antisymmetric mode and the Cherenkov regime operating in the symmetric mode. The symmetric mode (superscript (s)) with a longitudinal E z field on the axis has the nonzero field components:
and the Poynting flux is
For simplicity, we present only an abbreviated derivation of the starting current for the Cherenkov oscillator regime operation. The starting current can be calculated using the conventional theory for a BWO 27 . The dispersion equation of wave-beam interaction is of the third order as
where Γ ′ determines the z-dependence of the field and the current as exp(−iΓ ′ ωz/v z0 ), and C P is the Pierce parameter as
From the standard BWO boundary conditions including the field matching at the end of the structure at z = L z and absence of beam modulation at the entrance z = 0, the starting value of the Pierce parameter is determined as
where 
The Cherenkov-cyclotron instability is favored when the starting current of the antisymmetric mode with the Cherenkov-cyclotron type is lower than that of the symmetric mode with the Cherenkov type, i.e. I b st gets lower with a lower magnetic field B, so the Cherenkov-cyclotron mode dominates at low magnetic fields. The ratio gets higher with a longer structure length L z , so the Cherenkov-cyclotron mode is predicted to be harder to excite in a longer structure.
Equation (46) is a major result since it predicts when the Cherenkov-cyclotron mode dominates (I b st equals unity is the value at which the interaction switches between the two types. This important result of dominance of the Cherenkov-cyclotron mode at lower magnetic field and the Cherenkov mode at higher magnetic field was verified in the MIT experiments 5, 6 and will be discussed in more detail in the next section.
V. COMPARISON WITH MIT EXPERIMENTAL RESULTS
In this Section, we will give a numerical example based on the analytical theory and compare it with the MIT experimental results 5 . The analytical model captures the key features of the experimental design: (1) an eigenmode with a negative group velocity; (2) a transverse electric field on the beam axis for the antisymmetric mode. Approximations occur when we substitute the detailed MTM-loaded waveguide as in Fig. 1 with a waveguide filled by the effective MTM medium as in Fig. 3 , but the theory with the approximations is still useful for the goal of understanding the physics of mode competition between the Cherenkov interaction and the Cherenkov-cyclotron interaction observed in the experiments.
The analytical model successfully characterizes the dispersion relation of the actual MTM-loaded waveguide by fitting the two parameters ω 0 and F in Eq. (2) , and the comparison between the dispersion of the actual MTM structure from CST simulations and the best analytical fit from Eq. (4) is shown in Fig. 4 . Here ω 0 = 2π × 2.07 GHz and F The MTM mode has a negative group velocity, and it propagates below the cut-off frequency of the empty waveguide with the dimension b = 63 mm as ω cr = 2πc/b = 2π · 4.76 GHz. In this case, to have a propagating wave from Eq. (4), both ε yy and 1 − K 2 = 1 − ω 2 cr /ω 2 are negative in the operating frequency range, as shown in Fig. 5 .
The antisymmetric mode described in Eq. (3) is a good approximation to the field pattern of the actual MTM structure, and the comparison is shown in Fig. 6 (a) for E y and Fig. 6 (b) for E z . The field of the actual MTM structure is distorted by the presence of the two copper plates, marked with the dashed lines in the figures. The field is evanescent in the y direction near the MTM plates in the actual structure, so the MTM design allows mode propagation in the z direction below the cutoff frequency. In the analytical model, the effective medium is homogenized, i.e. occupies the entire volume of the waveguide. The field is no longer evanescent in the transverse direction; it is sinusoidal. The analytical model is not meant to be an exact replica of the field structure of the actual MTM structure. It is only intended to capture the relevant physics. In this respect, the agreement in Fig. 6 is believed to be a good basis for the following analysis.
We calculate the starting current for the Cherenkovcyclotron instability by Eq. (39) and for the Cherenkov instability by Eq. (45) assuming a fixed electron beam voltage. The result is presented in Fig. 7 , where the starting current is shown as a function of the magnetic field for a fixed beam voltage of 490 kV. The waveguide dimensions are L z = 370 mm, L x = 43 mm, and b = 63 mm. From Fig. 7 , we note that the starting current of the Cherenkov-cyclotron instability drops with a lower magnetic field, and it is lower than the starting current of the Cherenkov instability in the range of B 0 < 780 G. This calculation has also been done at other beam voltages, and the same trend holds. The Cherenkovcyclotron instability is more likely to win over the Cherenkov instability at low magnetic fields. Thus, a key prediction of the analytical theory is that, when the voltage is held constant and the magnetic field increases, the output should switch from the Cherenkov-cyclotron instability to the Cherenkov instability. We compare the analytical result in Fig. 7 with the experimental measurement in Fig. 8 taken from Ref. 5 . Figure 8 shows that in the experiment (the dots), at a magnetic field of less than 750 G, the device operates in the Cherenkovcyclotron mode. The identification of the operating mode is done conclusively by noting the change in frequency with the variation of the magnetic field. There are actually two regions of operation of the Cherenkov-cyclotron mode, namely a high power region, > 1 megawatt, at magnetic fields below 450 G and a lower power region, 10-1000 W, from 450 to 750 G. The frequency jump near 450 G is a nonlinear effect, since the actual frequencies measured in the high power operation region below 450 G differ from the values found in linear theory due to nonlinear beam-wave dispersive effects. Above 750 G, the device switches to the Cherenkov mode, clearly identified by the constant frequency vs. magnetic field. The magnetic field threshold of 780 G seen in Fig. 7 , where the device operation switches from one mode to the other, is in good agreement with the experiment.
VI. CONCLUSIONS AND DISCUSSIONS
In this paper, the analytical theory of the Cherenkovcyclotron instability of an electron beam in a MTM-loaded waveguide has been presented. The starting current, i.e. the threshold of the instability, is derived using the effective MTM medium filling the waveguide with a permittivity tensor. The permittivity was determined using the best fit to the dispersion curve of the actual MTM structure built and studied at MIT 5, 6 . The Cherenkov-cyclotron instability can only start when the magnetic field is low enough, and the starting condition predicted by the analytical theory agrees well with the experimental observations.
We have developed the linear, stationary (with a time dependence of exp(−iωt)) theory of the Cherenkov-cyclotron instability to calculate the starting current of the oscillator. The predicted switching between the Cherenkov-cyclotron and the Cherenkov modes with increasing magnetic field was based on this linear theory. In fact, the high power microwave generation seen in the experiments is a highly nonlinear phenomenon. Still, the results of linear theory are very useful and agree well with the observed experimental results for the competition between the two modes. The linear theory is simple and allows us to conduct the preliminary design of an oscillator without running intense numerical simulations. Furthermore, it can be extended to model nonlinear and nonstationary regimes and calculate the efficiency of the beam-wave interaction. The MTM waveguide can be profiled along the z direction and optimized to obtain higher efficiency.
In this section, we derive the major electromagnetic properties of the modes of the MTM-loaded waveguide, which apply to both the antisymmetric mode and the symmetric mode.
The Poynting flux as
is negative in the z direction, so the field energy flows backward in the MTM-loaded waveguide. The relation between the Poynting flux and the stored energy still holds with the negative energy flow, as
We verify the above relation by calculating the stored energy in a waveguide region of b × L x × L z . The electric energy is
